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Composite materials consisting of piezoelectric and piezomag-
netic phases exhibit magnetoelectric effect unavailable in single-
phase piezoelectric or piezomagnetic materials. Owing to the un-
ique magneto-electro-elastic coupling effect, these materials can
be used in intelligent structures as sensors and actuators. Study
on the properties of piezoelectric/piezomagnetic composites has
drawn considerable attention in recent years. Some defects (such
as dislocations and cracks) could be induced during the manufac-
turing processes or during service by the mechanical, electric or
magnetic loading, which can adversely inﬂuence the performance
of the structures. Therefore, it is necessary to advance our under-
standing of the characteristics of magnetoelectroelastic material
with defects.
In recent decades, there is a growing interest among researchers
in solving fracture mechanics problems in magnetoelectroelastic
media. Crack initiation behavior in a magnetoelectroelastic com-
posite under in-plane deformation was investigated by Song and
Sih (2003). Gao et al. (2003) developed an exact treatment on the
crack problems in a magnetoelectroelastic solid subjected to far-
ﬁeld loading. Qin (2005) obtained 2D Green’s functions of defective
magnetoelectroelastic solids under thermal loading, which can be
used to establish boundary element formulation and to analyze
relevant fracture problems. Li (2005) made the transient analysis
of a cracked magnetoelectroelastic medium under antiplanell rights reserved.
m (K. Hu).mechanical and inplane electric and magnetic impacts. The dy-
namic response of a penny-shaped crack in a magnetoelectroelas-
tic layer was studied by Feng et al. (2007). Boundary element
method was developed by Rojas-Díaz et al. (2007) to study crack
problems in linear magnetoelectroelastic materials under static
loading conditions. Wang and Mai (2007) discussed the different
electromagnetic boundary conditions on the crack-faces in mag-
netoelectroelastic materials with coupled piezoelectric, piezomag-
netic and magnetoelectric effects. Zhong and Li (2007) gave a
magnetoelectroelastic analysis for an opening crack in a piezoelec-
tromagnetic solid. Zhou and Chen (2008) analyzed a partially con-
ducting mode I crack in piezoelectromagnetic materials. Zhao and
Fan (2008) proposed a strip electric–magnetic breakdownmodel in
magnetoelectroelastic medium to study the nonlinear character of
electric ﬁeld and magnetic ﬁeld on fracture of magnetoelectroelas-
tic materials. The problem of a planar magnetoelectroelastic lay-
ered half-plane subjected to generalized line forces and edge
dislocations was analyzed by Ma and Lee (2009). Li and Lee
(2010) established real fundamental solutions for in-plane mag-
netoelectroelastic governing equations and studied collinear un-
equal cracks in magnetoelectroelastic materials. An embedded
mixed-mode crack in a functionally graded magnetoelectroelastic
inﬁnite medium has been studied by Rekik et al. (2012). Wan
et al. (2012) investigated a mode III crack crossing the magneto-
electroelastic biomaterial interface under concentrated magneto-
electromechanical loads.
Theoretical investigation of crack propagation in elastic mate-
rial begins with Yoffe (1951) analysis of the near-tip ﬁeld of a con-
stant moving crack, and subsequent investigations were carried
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Yang et al. (1991), among others. Gao (1993) proposed a wavy-
crack model to explain important discrepancies between theory
and experiments, and the analysis indicates that the basic mecha-
nism of dynamic branching is somewhat like a thermally activated
kinetic process.
Considering the coupling effect of mechanical and electrical
ﬁelds, Li and Mataga (1996a,b) investigated the dynamic anti-
plane crack propagation in piezoelectric materials. The moving
crack problem in a piezoelectric material under longitudinal shear
has been studied by Chen and Yu (1997), Chen et al. (1998), Li et al.
(2000), and Kwon and Lee (2001), etc. Hu and Zhong (2005) consid-
ered a moving mode-III crack in a functionally graded piezoelectric
strip and showed that the gradient of the material properties can
affect the magnitudes of the stress intensity factors. Under the
assumption of in-plane electro-mechanical loading, the moving
crack problems in a piezoelectric material have been investigated
by Soh et al. (2002), Herrmann and Loboda (2006) and Piva et al.
(2007), among others.
The moving crack problem in an inﬁnite magnetoelectroelastic
body under anti-plane shear and in-plane electro-magnetic loading
has recently been solved by Hu and Li (2005a) whose results pre-
dicted that the moving crack may curve when the speed of the
crack is greater than a certain value. Tian and Rajapakse (2008)
presented a theoretical study for crack branching in magnetoelec-
troelastic solids by extending the generalized dislocation model.
The moving crack at the interface between dissimilar magnetoelec-
troelastic materials under anti-plane shear has been investigated
by Hu et al. (2006). Tupholme (2009) studied a moving anti-plane
shear crack in transversely isotropic magnetoelectroelastic media
when subjected to representative non-constant crack-face loading
conditions.
To the best knowledge of the authors, the problem of a moving
crack in a magnetoelectroelastic material under in-plane magneto-
electro-mechanical loading has not been reported in the literature.
This problem is solved in this paper. Fourier transforms are applied
and the mixed boundary value problem of the crack is reduced to
solving dual integral equations, which are solved exactly. The
asymptotic ﬁelds near the crack tip are obtained in a closed form
and the corresponding ﬁeld intensity factors are expressed explic-
itly. By applying the criterion of maximum hoop stress intensity
factors, the crack kinking phenomenon is investigated. The cou-
pling magneto-electro-elastic effects on the crack-tip ﬁelds are
studied and the inﬂuence of crack speed on the dynamic fracture
property is discussed.
2. Basic equations for magnetoelectroelastic material
Consider a transversely isotropic, linear magnetoelectroelastic
material and denote the rectangular coordinates of a point by
xj(j = 1, 2, 3). The dynamic equilibrium equations are:
rij;i ¼ q @
2uj
@t2
; Di;i ¼ 0; Bi;i ¼ 0 ð1Þ
where body forces and free charges are neglected, rij, Di and Bi are
components of stress, electrical displacement and magnetic induc-
tion, respectively; q is the mass density of the magnetoelctroelastic
material; a comma followed by i (i = 1, 2, 3) denotes partial differ-
entiation with respect to the coordinate xi, and the usual summa-
tion convention over repeated indices is applied. The constitutive
equations can be written as
rij ¼ Cijkseks  esijEs  hsijHs
Di ¼ eikseks þ kisEs þ disHs
Bi ¼ hikseks þ disEs þ lisHs
ð2Þwhere eks, Es and Hs are components of strain, electric ﬁeld and mag-
netic ﬁeld, respectively; Cijks, eiks, hiks and dis are elastic, piezoelec-
tric, piezomagnetic and electromagnetic constants, respectively;
kis and lis are dielectric permittivities and magnetic permeabilities,
respectively. The following reciprocal symmetries hold:
Cijks ¼ Cjiks ¼ Cijsk ¼ Cksij; esij ¼ esji
hsij ¼ hsji; dij ¼ dji; kij ¼ kji; lij ¼ lji
ð3Þ
The gradient equations are
eij ¼ 12 ðui;j þ uj;iÞ; Ei ¼ /;i; Hi ¼ u;i ð4Þ
where ui is the displacement vector, / and u are the electric and
magnetic potentials, respectively.
Under the assumption of plane strain, the constitutive equa-
tions take the form as (Huang and Kuo, 1997):
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The governing equations can be written as:
C11u1;11 þ C44u1;33 þ ðC13 þ C44Þu3;13 þ ðe31 þ e15Þ/;13
þ ðh31 þ h15Þu;13 ¼ qu1;tt
ðC13 þ C44Þu1;13 þ C44u3;11 þ C33u3;33 þ e15/;11 þ e33/;33
þ h15u;11 þ h33u;33 ¼ qu3;tt
ðe31 þ e15Þu1;13 þ e15u3;11 þ e33u3;33  k11/;11  k33/;33  d11u;11
 d33u;33 ¼ 0
ðh31 þ h15Þu1;13 þ h15u3;11 þ h33u3;33  d11/;11  d33/;33  l11u;11
 l33u;33 ¼ 0
ð6Þ3. Problem statement and method of solution
Consider a Grifﬁth crack of length 2cmoving at a constant speed
v in the magnetoelectroelastic material, with the poling direction
as the x3-axis, as shown in Fig. 1. Uniform normal stress P0, in-
plane electric ﬁeld E0 and magnetic ﬁeld H0 are applied at the
inﬁnity.
For convenience, let a Cartesian coordinate system (x, y, z) be at-
tached to the moving crack and when t = 0 it coincides with the
ﬁxed coordinate system (x1, x2, x3). Since the problem is in a steady
state, the Galilean transformation can be introduced, i.e.,
x ¼ x1  vt; y ¼ x2; z ¼ x3 ð7Þ
E0, H0
P0
x1, x 
z x3 
vt
2c
Fig. 1. A cracked magnetoelectroelastic material under in-plane mechanical,
electric and magnetic loading.
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governing Eq. (6) become independent of the time variable t and
may be rewritten as
ðC11  qv2Þux;xx þ C44ux;zz þ ðC13 þ C44Þuz;xz þ ðe31 þ e15Þ/;xz
þ ðh31 þ h15Þu;xz ¼ 0
ðC13 þ C44Þux;xz þ ðC44  qv2Þuz;xx þ C33uz;zz þ e15/;xx þ e33/;zz
þ h15u;xx þ h33u;zz ¼ 0
ðe31 þ e15Þux;xz þ e15uz;xx þ e33uz;zz  k11/;xx  k33/;zz
 d11u;xx  d33u;zz ¼ 0
ðh31 þ h15Þux;xz þ h15uz;xx þ h33uz;zz  d11/;xx  d33/;zz  l11u;xx
 l33u;zz ¼ 0
ð8Þ
As shown in Fig. 1, symmetry arguments are used to allow for
consideration of only the ﬁrst quadrant with appropriate condi-
tions along the coordinate axes. The corresponding boundary con-
ditions of the mixed boundary value problem are:
rzzðx;1Þ ¼ P0; rzxðx;1Þ ¼ 0 ð9Þ
Ezðx;1Þ ¼ E0; Hzðx;1Þ ¼ H0 ð10Þ
rxzðx;0Þ ¼ 0 ð11Þ
rzzðx;0Þ ¼ 0; ð0 6 x < cÞ ð12-1Þ
uzðx;0Þ ¼ 0 ðxP cÞ ð12-2Þ
Considering the fact that the electric and magnetic constants of
magnetoelectroelastic materials are large and are on the order of a
few thousand times the electric and magnetic permittivities of air
or vacuum inside the crack, the impermeable electric and magnetic
boundary conditions along the crack face can be assumed (Hu and
Li, 2005b). It is noted that the impermeable crack face condition is
one of the extreme cases of actual crack face boundary conditions,
which are also related to the real crack openings (Zhao et al.,
2006a,b). The mixed boundary conditions for the magneto-electri-
cally impermeable crack are:
/ðx;0Þ ¼ 0; uðx;0Þ ¼ 0 ðxP cÞ ð13Þ
Dzðx;0Þ ¼ 0; Bzðx;0Þ ¼ 0 ð0 6 x < cÞ ð14Þ
Fourier transforms are then applied on Eq. (8) and the results
are
uxðx; zÞ ¼
X4
j¼1
ajcj
Z 1
0
AjðnÞ expðcjnzÞ sinðnxÞdn ð15-1Þuzðx; zÞ ¼
X4
j¼1
Z 1
0
AjðnÞ expðcjnzÞ cosðnxÞdnþP1z ð15-2Þ
/ðx; zÞ ¼ 
X4
j¼1
bj
Z 1
0
AjðnÞ expðcjnzÞ cosðnxÞdnþP2z ð15-3Þ
uðx; zÞ ¼ 
X4
j¼1
dj
Z 1
0
AjðnÞ expðcjnzÞ cosðnxÞdnþP3z ð15-4Þ
where Pjðj ¼ 1;2;3Þ are constants and aj; bj; dj ðj ¼ 1;2;3;4Þ are
known coefﬁcients deﬁned in Appendix A, AjðnÞ; ðj ¼ 1;2;3;4Þ are
unknowns to be determined and cj (j ¼ 1;2;3;4) are the roots of
the following characteristic equation
jMj ¼
C11  qv2  C44c2 ðC13 þ C44Þc ðe31 þ e15Þc ðh31 þ h15Þc
ðC13 þ C44Þc C33c2 þ qv2  C44 e33c2  e15 h33c2  h15
ðe31 þ e15Þc e33c2  e15 k11  k33c2 d11  d33c2
ðh31 þ h15Þc h33c2  h15 d11  d33c2 l11  l33c2


¼ 0
ð16Þ
where |M| denotes the determinant of the matrix M.
Note that the eighth-order characteristic equation (16) has
eight roots which occur in pairs with the same magnitude but
opposite signs, and for complex roots, the roots they always appear
in conjugate pairs. In the expressions (15), the roots cj
(j ¼ 1;2;3;4) are chosen as Re(cj) > 0 by requiring a positive inter-
nal energy for the system to be in a steady state, as stated by Stroh
(1962) and Suo et al. (1992).
The limiting speed can be obtained by setting one of the roots
vanishes, which leads to the characteristic equation:
ðC11  qv2Þ½ðk11l11  d211Þðqv2  C44Þ þ e15ðd11h15  l11e15Þ
þ h15ðd11e15  k11h15Þ ¼ 0 ð17Þ
which gives two limiting speeds as:
VL ¼
ﬃﬃﬃﬃﬃﬃﬃ
C11
q
s
; VT ¼
ﬃﬃﬃ
l
q
r
l ¼ C44 þ l11e
2
15 þ k11h215  2d11e15h15
k11l11  d211
ð18Þ
where VL and VT are the longitudinal wave speed and transverse
wave speed of magnetoelectroelastic materials, respectively. In
our present study, the crack speed is less than the transverse wave
speed VT, i.e., in the range of subsonic regime.
The expressions for the stresses, electric displacement and mag-
netic induction can be obtained as follows:
rxz ¼ 
X4
j¼1
fj
Z 1
0
nAjðnÞ expðcjnzÞ sinðnxÞdn ð19-1Þ
rzz ¼ P0 þ
X4
j¼1
hj
Z 1
0
nAjðnÞ expðcjnzÞ cosðnxÞdn ð19-2Þ
rxx ¼ r0 þ
X4
j¼1
gj
Z 1
0
nAjðnÞ expðcjnzÞ cosðnxÞdn ð19-3Þ
Dz ¼ D0 þ
X4
j¼1
mj
Z 1
0
nAjðnÞ expðcjnzÞ cosðnxÞdn ð20-1Þ
Dx ¼ 
X4
j¼1
sj
Z 1
0
nAjðnÞ expðcjnzÞ sinðnxÞdn ð20-2Þ
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X4
j¼1
nj
Z 1
0
nAjðnÞ expðcjnzÞ cosðnxÞdn ð21-1Þ
Bx ¼ 
X4
j¼1
tj
Z 1
0
nAjðnÞ expðcjnzÞ sinðnxÞdn ð21-2Þ
where r0;D0;B0 are constants deﬁned in Appendix A and the coef-
ﬁcients are deﬁned as:
fj ¼ C44ðajc2j þ 1Þ  e15bj  h15dj
hj ¼ ðC13aj þ e33bj þ h33dj  C33Þcj
gj ¼ ðC11aj þ e31bj þ h31dj  C13Þcj
mj ¼ ðe31aj  k33bj  d33dj  e33Þcj
nj ¼ ðh31aj  d33bj  l33dj  h33Þcj
sj ¼ e15ðajc2j þ 1Þ þ k11bj þ d11dj
tj ¼ h15ðajc2j þ 1Þ þ d11bj þ l11dj ðj ¼ 1;2;3;4Þ
ð22Þ
By substituting the solution (19)–(21) into the boundary condi-
tions (9)–(11), it is shown that Eqs. (9) and (10) are satisﬁed com-
pletely, and the following relations can be observed:
X4
j¼1
fjAjðnÞ ¼ 0 ð23Þ
The unknown A4(n) can be expressed as the three independent
unknown functions Aj(n) (j = 1,2,3) as:
A4ðnÞ ¼ ½f1A1ðnÞ þ f2A2ðnÞ þ f3A3ðnÞ=f4 ð24Þ
Satisfaction of the mixed boundary conditions (12–14) on the
crack face line leads to the dual integral equations as follows:Z 1
0
n
X3
j¼1
T1jAjðnÞ cosðnxÞdn ¼ P0; ð0 6 x < cÞ ð25-1Þ
Z 1
0
X3
j¼1
R1jAjðnÞ cosðnxÞdn ¼ 0; ðxP cÞ ð25-2Þ
Z 1
0
n
X3
j¼1
T2jAjðnÞ cosðnxÞdn ¼ D0; ð0 6 x < cÞ ð26-1Þ
Z 1
0
X3
j¼1
R2jAjðnÞ cosðnxÞdn ¼ 0; ðxP cÞ ð26-2Þ
Z 1
0
n
X3
j¼1
T3jAjðnÞ cosðnxÞdn ¼ B0; ð0 6 x < cÞ ð27-1Þ
Z 1
0
X3
j¼1
R3jAjðnÞ cosðnxÞdn ¼ 0; ðxP cÞ ð27-2Þ
where Tij; Rijði; j ¼ 1;2;3Þ are known functions deﬁned, respec-
tively, as:
T1j ¼ ðf4hj  fjh4Þ=f4
T2j ¼ ðf4mj  fjm4Þ=f4
T3j ¼ ðf4nj  fjn4Þ=f4 ðj ¼ 1;2;3Þ
ð28Þ
R1j ¼ 1 fj=f4
R2j ¼ ðf4bj  fjb4Þ=f4
R3j ¼ ðf4dj  fjd4Þ=f4 ðj ¼ 1;2;3Þ
ð29ÞThe simultaneous dual integral equations can be further ex-
pressed in the following simple form as:Z 1
0
nAjðnÞ cosðnxÞdn ¼ Xj; ð0 6 x < cÞ ðj ¼ 1;2;3Þ ð30-1Þ
Z 1
0
AjðnÞ cosðnxÞdn ¼ 0; ðxP cÞ ðj ¼ 1;2;3Þ ð30-2Þ
where constants Xj; ðj ¼ 1;2;3Þ are deﬁned as
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Obviously, we can get the analytical solution of the standard
dual integral equations (30) as (Copson, 1961)
AjðnÞ ¼ Xj c  J1ðncÞn ; ðj ¼ 1;2;3Þ ð32Þ
where J1ðÞ denotes the ﬁrst order Bessel function of the ﬁrst kind.
4. Asymptotic ﬁelds near the crack tip
From the point of view of fracture mechanics, only the singular
ﬁeld quantities around the crack tip will be derived here. The sin-
gular crack tip ﬁelds correspond to the behaviour of the integrand
as the integration variables n tends to inﬁnity. The stress ﬁeld, elec-
tric ﬁeld and magnetic ﬁeld near the crack tip can be obtained by
substituting Eqs. (32) and (24) into Eqs. (19)–(21). By considering
the identity (Fabrikant, 2003):
Z 1
0
expðcjznÞJ1ðncÞ sinðxnÞdn ¼
1
c
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
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where
S1jðx; zÞ ¼
l1j
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2  l21j
q
l22j  l21j
S2jðx; zÞ ¼ 1
l2j
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22j  c2
q
l22j  l21j
ðj ¼ 1;2;3;4Þ
ð34-1Þ
lkj ¼ 12
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðc þ xÞ2 þ ðcjzÞ2
q
þ ð1Þk
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðc  xÞ2 þ ðcjzÞ2
q 
ðk
¼ 1;2; j ¼ 1;2;3;4Þ ð34-2Þ
The stresses, electric displacements and magnetic induction in
the cracked magnetoelectroelastic material can be obtained as:
rzzðx; zÞ ¼ P0 þ
X3
j¼1
Xj hjS2jðx; zÞ  h4fjf4 S24ðx; zÞ
 
ð35-1Þ
rxxðx; zÞ ¼ r0 þ
X3
j¼1
Xj gjS2jðx; zÞ 
g4fj
f4
S24ðx; zÞ
 
ð35-2Þ
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X3
j¼1
fjXj½S14ðx; zÞ  S1jðx; zÞ ð35-3Þ
Dzðx; zÞ ¼ D0 þ
X3
j¼1
Xj mjS2jðx; zÞ m4fjf4 S24ðx; zÞ
 
ð36-1Þ
Dxðx; zÞ ¼
X3
j¼1
Xj
s4fj
f4
S14ðx; zÞ  sjS1jðx; zÞ
 
ð36-2Þ
Bzðx; zÞ ¼ B0 þ
X3
j¼1
Xj njS2jðx; zÞ  n4fjf4 S24ðx; zÞ
 
ð37-1Þ
Bxðx; zÞ ¼
X3
j¼1
Xj
t4fj
f4
S14ðx; zÞ  tjS1jðx; zÞ
 
ð37-2Þ
The asymptotic expressions of the magneto-electro-elastic
ﬁelds around the crack tip can be determined by introducing a po-
lar coordinate system (r; h) with the origin at the right crack tip as:
r ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx cÞ2 þ z2
q
; h ¼ tan1 z
x c
 	
ð38Þ
Following the procedure in Li and Lee (2004), in the near vicin-
ity of the crack tip, i.e. r c, we have
lkj  c þ r2 cosðhÞ þ ð1Þ
k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos2ðhÞ þ c2j sin2ðhÞ
q 
ðk ¼ 1;2; j ¼ 1;2;3;4Þ ð39Þ
Upon substituting Eq. (39) into Eqs. (35)–(37) and neglecting
some higher-order inﬁnitesimal terms, the asymptotic expressions
for the magnetoelectroelastic ﬁelds in the vicinity of the crack tip
are obtained as:
rzzðr; hÞ ¼
ﬃﬃﬃﬃﬃ
c
2r
r X3
j¼1
Xj
h4fj
f4
K24ðhÞ  hjK2jðhÞ
 
ð40-1Þ
rxxðr; hÞ ¼
ﬃﬃﬃﬃﬃ
c
2r
r X3
j¼1
Xj
g4fj
f4
K24ðhÞ  gjK2jðhÞ
 
ð40-2Þ
rxzðr; hÞ ¼
ﬃﬃﬃﬃﬃ
c
2r
r X3
j¼1
fjXj½K14ðhÞ K1jðhÞ ð40-3Þ
Dzðr; hÞ ¼
ﬃﬃﬃﬃﬃ
c
2r
r X3
j¼1
Xj
m4fj
f4
K24ðhÞ mjK2jðhÞ
 
ð41-1Þ
Dxðr; hÞ ¼
ﬃﬃﬃﬃﬃ
c
2r
r X3
j¼1
Xj
s4fj
f4
K14ðhÞ  sjK1jðhÞ
 
ð41-2Þ
Bzðr; hÞ ¼
ﬃﬃﬃﬃﬃ
c
2r
r X3
j¼1
Xj
n4fj
f4
K24ðhÞ  njK2jðhÞ
 
ð42-1Þ
Bxðr; hÞ ¼
ﬃﬃﬃﬃﬃ
c
2r
r X3
j¼1
Xj
t4fj
f4
K14ðhÞ  tjK1jðhÞ
 
ð42-2Þ
where the angular functions K1jðhÞ and K2jðhÞ are given as follows:
KkjðhÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos2ðhÞ þ c2j sin2ðhÞ
q
þ ð1Þk cosðhÞ
2½cos2ðhÞ þ c2j sin2ðhÞ
vuuut
ðk ¼ 1;2; j ¼ 1;2;3;4Þ ð43ÞIt can be observed that the stresses, electric displacement and
magnetic induction near the crack tip possess the square-root
singularity, and the expressions of the angular functions are
dependent on the crack speed as the roots of the characteristic
Eq. (16) change as the crack speed varies. The angular functions
are in agreement with those for static crack problem in piezo-
electric and magnetoelectroelastic materials (Lin et al. 2003;
Zhong and Li, 2008) when the crack speed vanishes. It should
be noted that the crack-tip ﬁelds are dependent on the mechan-
ical, electrical and magnetic loading applied in the inﬁnity as
considering the relations shown in Eqs. (31) and (35) through
(37).
Different criteria have been proposed to predict the
direction of crack kinking. Commonly used fracture criteria are
the maximum hoop stress intensity factor, the maximum
Mode-I stress intensity factor and the maximum energy release
rate (Yang, 2002). The prediction based on the energy release
rate is greatly different from that based on the stress intensity
factor criterion (Azhdari and Nemat-Nasser, 1996a). For aniso-
tropic materials, the hoop stress intensity factor (HSIF) and shear
stress intensity factor (SSIF) are more convenient quantities
than the commonly used Mode I and II stress intensity factors,
since HSIF and SSIF uncouple the Modes I and II on planes at
suitable angles relative to the crack (Azhdari and Nemat-Nasser,
1996b).
The hoop and shear stresses at an angle h near the right tip of
the crack are obtained from the following relations in terms of
the polar coordinates (r, h) (Lekhnitskii, 1963):
rhh ¼ rzz cos2 hþ rxx sin2 h rzx sin 2h
rrh ¼ rzz  rxx2 sin2hþ rzx cos 2h
ð44Þ
Similar deﬁnition can be made to the hoop electric displace-
ment and hoop magnetic induction deﬁned in terms of polar coor-
dinates as
Dhh ¼ Dz cos h Dx sin h ð45Þ
Bhh ¼ Bz cos h Bx sin h ð46Þ
By substituting Eqs. (40) into (44), the hoop stress and shear
stress can be expressed as:
rhhðr; hÞ ¼
ﬃﬃﬃﬃﬃ
c
2r
r X3
j¼1
Xj
f4
fjðh4 cos2 hþ g4 sin2 hÞK24ðhÞ
f4ðhj cos2 hþ gj sin2 hÞK2jðhÞ
þf4fj½K1jðhÞ K14ðhÞ sin 2h
8><
>:
9>=
>; ð47-1Þ
rrhðr; hÞ ¼
ﬃﬃﬃﬃﬃ
c
2r
r X3
j¼1
Xj
2f 4
½fjðh4  g4ÞK24ðhÞ þ f4ðgj  hjÞK2jðhÞ sin 2h
þ2f 4fj½K14ðhÞ K1jðhÞ cos 2h
 
ð47-2Þ
Dhhðr; hÞ ¼
ﬃﬃﬃﬃﬃ
c
2r
r X3
j¼1
Xj
f4
½m4fjK24ðhÞ mjf4K2jðhÞ cos h
þ½f4sjK1jðhÞ  fjs4K14ðhÞ sin h
 
ð48-1Þ
Drrðr; hÞ ¼
ﬃﬃﬃﬃﬃ
c
2r
r X3
j¼1
Xj
f4
½m4fjK24ðhÞ mjf4K2jðhÞ sin h
þ½fjs4K14ðhÞ  f4sjK1jðhÞ cos h
 
ð48-2Þ
Bhhðr; hÞ ¼
ﬃﬃﬃﬃﬃ
c
2r
r X3
j¼1
Xj
f4
½n4fjK24ðhÞ  njf4K2jðhÞ cos h
þ½f4tjK1jðhÞ  fjt4K14ðhÞ sin h
 
ð48-3Þ
Brrðr; hÞ ¼
ﬃﬃﬃﬃﬃ
c
2r
r X3
j¼1
Xj
f4
½n4fjK24ðhÞ  njf4K2jðhÞ sin h
þ½fjt4K14ðhÞ  f4tjK1jðhÞ cos h
 
ð48-4Þ
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factor associated with the hoop and shear stresses at an arbitrary
angle h as:
Khh ¼ lim
r!0
ð
ﬃﬃﬃﬃﬃ
2r
p
rhhÞ
Krh ¼ lim
r!0
ð
ﬃﬃﬃﬃﬃ
2r
p
rrhÞ
ð49-1Þ
Similarly deﬁne the hoop electric displacement intensity factor (HE-
DIF) and the hoop magnetic induction intensity factor (HMIIF) as
follows:
KDh ¼ lim
r!0
ð
ﬃﬃﬃﬃﬃ
2r
p
DhhÞ
KBh ¼ lim
r!0
ð
ﬃﬃﬃﬃﬃ
2r
p
BhhÞ
ð49-2Þ
Substituting Eqs. (47) into (49), the hoop and shear stress inten-
sity factors can be obtained as:
Khh ¼
ﬃﬃ
c
p X3
j¼1
Xj
f4
fjðh4 cos2 hþ g4 sin2 hÞK24ðhÞ
f4ðhj cos2 hþ gj sin2 hÞK2jðhÞ
þf4fj½K1jðhÞ K14ðhÞ sin 2h
8><
>:
9>=
>; ð50-1Þ2
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Fig. 2. Dynamic isochromatics of the normalized hoop stKrh ¼
ﬃﬃ
c
p X3
j¼1
Xj
f4
½fjðh4  g4ÞK24ðhÞ þ f4ðgj  hjÞK2jðhÞ sin 2h
þ2f 4fj½K14ðhÞ K1jðhÞ cos 2h
 
ð50-2Þ
In this paper, the criteria of maximum hoop stress intensity fac-
tor will be applied to predict the possible crack kinking with the
assumption that the fracture toughness is same in all directions
around the crack. The hoop electric displacement intensity factor
(HEDIF) and the hoop magnetic induction intensity factor (HMIIF)
are
KDh ¼
ﬃﬃ
c
p X3
j¼1
Xj
f4
½m4fjK24ðhÞ mjf4K2jðhÞ cos h
þ½f4sjK1jðhÞ  fjs4K14ðhÞ sin h
 
ð51-1ÞKBh ¼
ﬃﬃ
c
p X3
j¼1
Xj
f4
½n4fjK24ðhÞ  njf4K2jðhÞ cos h
þ½f4tjK1jðhÞ  fjt4K14ðhÞ sin h
 
ð51-2Þ
It is noted that at any angle different form the original crack
plane, the hoop stress intensity factor (HSIF), shear stress intensity
factor (SSIF), hoop electric displacement intensity factor (HEDIF)
and the hoop magnetic induction intensity factor (HMIIF) are0
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Fig. 3. The normalized HSIFs Khh versus angle h for different crack speed when
LE = LH = +0.5.
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angular distribution function of the singular ﬁelds near the crack
are dependent on the crack speed, the HSIF, SSIF, HEDIF and HMIIF
all vary with the crack speed. This conclusion is different from the
case of static crack problem.
By setting the angle h equal to zero and using the relations in
Eqs. (43), (28), and (31), the common expressions for the Mode-I
and Mode-II stress intensity factors can be obtained as:
KI ¼ Khhjh¼0 ¼
ﬃﬃ
c
p X3
j¼1
Xj
f4
ðfjh4  f4hjÞ ¼ P0
ﬃﬃ
c
p ð52Þ
KII ¼ Krhjh¼0 ¼ 0 ð53Þ
This result shows that the commonly deﬁned stress intensity
factor KI is only dependent on the remote normal stress loading
and the mode-II stress intensity is zero.
The electric displacement intensity factor and magnetic induc-
tion intensity factor can be deﬁned as:
KD ¼ lim
r!0
ﬃﬃﬃﬃﬃ
2r
p
Dzðr;0Þ ¼ KDhjh¼0 ¼
ﬃﬃ
c
p X3
j¼1
Xj
f4
ðm4fj mjf4Þ
¼ ﬃﬃcp ½e33P0 þ ðC33k33 þ e233ÞE0 þ ðC33d33 þ e33h33ÞH0=C33 ð54Þ
KB ¼ lim
r!0
ﬃﬃﬃﬃﬃ
2r
p
Bzðr;0Þ ¼ KBhjh¼0 ¼
ﬃﬃ
c
p X3
j¼1
Xj
n4fj  njf4
f4

 
¼ ﬃﬃcp ½h33P0 þ ðC33d33 þ e33h33ÞE0 þ ðC33l33 þ h233ÞH0=C33 ð55Þ
It can be observed that the commonly deﬁned electric dis-
placement intensity factor and magnetic induction intensity fac-
tor are dependent on the remote normal stress, electric ﬁeld and
magnetic ﬁeld loadings. These commonly deﬁned ﬁeld intensity
factors are independent of the speed of the moving crack, this
conclusion agrees with those for a moving crack in an inﬁnite
piezoelectric material (Chen and Yu, 1997; Soh et al., 2002; Piva
et al., 2007).
5. Numerical results and discussions
For the magneto-electrically impermeable crack problem, the
crack-tip ﬁelds are dependent on the remote mechanical, electrical
and magnetic loading. To study the effect of magneto-electro-elas-
tic interaction, the electric and magnetic loading parameters are
introduced as:
LE ¼ e33E0P0 ; LH ¼
h33H0
P0
ð56Þ
The magneto-electro-elastic material is taken to be a trans-
versely isotropic material exhibiting full coupling between electric,
electric and magnetic ﬁelds, with the polarized direction perpen-
dicular to the crack plane. The material constants of BaTiO3–CoFe2-
O4 composite (Tian and Rajapakse, 2005) are used in the following
numerical calculation:
C11 ¼ 22:6 1010ðN=m2Þ; C13 ¼ 12:4 1010ðN=m2Þ
C33 ¼ 21:6 1010ðN=m2Þ; C44 ¼ 4:4 1010ðN=m2Þ
e15 ¼ 5:8ðC=m2Þ; e31 ¼ 2:2ðC=m2Þ; e33 ¼ 9:3ðC=m2Þ
h15 ¼ 275ðN=AmÞ; h31 ¼ 290:2ðN=AmÞ; h33 ¼ 350ðN=AmÞ
k11 ¼ 56:4 1010ðC2=Nm2Þ; k33 ¼ 63:5 1010ðC2=Nm2Þ
l11 ¼ 29:7 105ðNs2=C2Þ; l33 ¼ 6:35 105ðNs2=C2Þ
d11 ¼ 5:367 1012ðNs=VCÞ; d33 ¼ 2737:5 1012ðNs=VCÞ
q ¼ 5:7 103ðkg=m3Þ
ð57ÞThe dynamic isochromatics of the normalized hoop stress rhhP0
ﬃﬃ
c
p
around the right crack tip for different crack speeds v=VT are dis-
played in Fig. 2. Without loss of generality, the applied normal
stress is taken to be P0 ¼ 4:2 MPa , the magnitudes of the electric
and magnetic loading parameters are chosen as LE ¼ þ0:5 and
LH = +0.5, respectively. It can be seen from Fig. 2 that the isochro-
matic fringe loops around crack tip vary as the crack speed
changes. It is shown that the maximum hoop stress occurs along
the crack line when the crack speed is lower than a certain value
(say v/VT = 0.7), which means that the crack has a tendency to
propagate along its original plane when the criterion of the maxi-
mum hoop stress intensity factor is applied. When the crack speed
is higher than a certain value, the maximum hoop stresses occur at
some nonzero angles, which indicates that the crack has a ten-
dency to deviate from its original plane if the fracture toughness
is assumed to be the same in different directions, and the crack
kinking will occur.
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2674 K. Hu, Z. Chen / International Journal of Solids and Structures 50 (2013) 2667–2677Fig. 3 shows the normalized HSIF KhhP0
ﬃﬃ
c
p versus angle h for different
crack speed when LE = LH = +0.5. It shows that the normalized HSIF
is 1 when h = 0, which corresponds to the Mode I stress intensity
factor for an inﬁnite, magnetoelectroelastic material. When the
crack speed is lower than a certain value (v/VT = 0.7), the maximum
HSIF occurs along the crack plane h = 0. As the crack speed in-
creases, the maximum HSIF increases and moves away from h = 0
and appears at two symmetric angles, which indicates that the
crack may deviate from the original crack plane and propagate
along these two symmetric directions.
Fig. 4 shows the normalized HEDIF KDhD0
ﬃﬃ
c
p versus angle h for differ-
ent crack speed when LE = LH = +0.5. The value of the normalized
HEDIF is 1 when h = 0, which corresponds to the Mode I electric
displacement intensity factor for the impermeable crack in an inﬁ-
nite magnetoelectroelastic material. It also shows that the effect of
the crack speed on the variation of the HEDIFs is rather small when
v=VT 6 0:7. Fig. 5 displays the variation of normalized HMIIF KBhB0 ﬃﬃcp
with angle h for different crack speeds when electromagnetic load-
ing LE = LH = + 0.5 is applied. Along the crack plane h = 0, the value
of the normalized HMIIF is 1, which is the exact solution of the
Mode I magnetic induction intensity factor for the impermeable
K. Hu, Z. Chen / International Journal of Solids and Structures 50 (2013) 2667–2677 2675crack in an inﬁnite magnetoelectric material. The inﬂuence of the
crack speed on the HMIIFs is small when v=VT 6 0:7.
Fig. 6 shows the effect of electric loading parameters on the var-
iation of HSIF with angle when LH = 0 and v/VT = 0.8. The value of
the normalized HSIF is 1 when h = 0, and the magnitude of the HSIF
may increase or decrease as the applied electric ﬁeld loading
changes from negative to positive, depending on the different an-
gle orientations around the crack tip. The ‘‘negative’’ means that
the direction of the electric and magnetic loading is opposite to
the poling direction. It can be observed that the crack has a ten-
dency to propagate along the original crack plane when a negative
electric ﬁeld is applied, and the crack may deviate from the original
plane when a positive electric ﬁeld is applied. The maximum value
of the HSIF will increase when the applied electric ﬁeld shifts from
negative to positive, which indicates that fracture may be pro-
moted by a positively applied electric ﬁeld and inhibited by a neg-
atively applied electric ﬁeld. This conclusion for the dynamic crack
propagation is in agreement with the static experimental observa-
tions as well as the prediction by local energy release rate for
cracked piezoelectric ceramics (Gao et al., 1997).0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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when LE = 0.
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Fig. 9b. The crack kinking angles versus v/VT for different LH when LE = 0.The effect of magnetic loading on the variation of HSIF with an-
gle h when LE = 0 and v/VT = 0.7 is shown in Fig. 7. It is observed
that the maximum value of HSIF at the angles h– 0 will increase
as the applied magnetic ﬁeld shifts from negative to positive,
which means that a positive magnetic ﬁeld loading may promote
fracture and a negative magnetic ﬁeld loading may inhibit fracture.
The comparison of Fig. 7 with Fig. 6 shows that the magnetic load-
ing parameter LH have less inﬂuence on the values of HSIFs and
kinking angels than the electric loading parameter LE with the
same value. The particular material properties used in the compu-
tation determine different response will occur when certain elec-
tric or magnetic loading is applied to the cracked body, and the
contribution of the electric and magnetic loadings of certain values
to the stress ﬁeld is quite different.
The variation of the normalized maximum HSIFs with crack
speed v/vT for different electric ﬁeld loading LE when LH = 0 is
shown in Fig. 8a, and the corresponding angles at which the max-
imum HSIFs appear are shown in Fig. 8b. It can be seen that the
magnitude of the maximum HSIFs tends to increase as the crack
speed increases when it is larger than a certain value (v/vT  0.7).
The crack tends to propagate along the original crack plane when
v/vT < 0.7 as the maximum hoop stress intensity factor occurs at
the angle h = 0, which, agrees with the numerical results by Zhu
and Yang (1999) for the crack kinking in a piezoelectric solid.
Fig. 8b shows that the crack kinking angle increases as the crack
speed increases when v/vT > 0.7, and positive electric ﬁeld loading
will lead to larger kinking angle than the negative electric ﬁeld
loading. It should be noted that two symmetric kinking angles exist
due to the fact that the stress distribution around the crack tip is
symmetric about the crack face, which means that the crack bifur-
cation phenomena may be observed.
The variation of the normalized maximum HSIFs with crack
speed v/vT for different magnetic ﬁeld loading LH is shown in
Fig. 9a when LE = 0, and the corresponding angles at which the
maximum HSIFs appear are shown in Fig. 9b. It is observed that
the magnetic ﬁeld loading LH affects the values of the HSIFs and
the corresponding kinking angles.
The variation of crack kinking angles versus LE for different
crack speed v/VT when LH = 0 is displayed in Figs. 10a and 10b
shows the crack kinking angles versus the magnetic loading
parameter LH at different crack speed v/VT when LE = 0. When the
crack speed v=VT 6 0:6, the crack will not kink under mechanical
and pure electric loadings as the maximum hoop stress occurs at
the original crack plane direction. When the crack speed is high-5 -4 -3 -2 -1 0 1 2 3 4 5
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Fig. 10a. The crack kinking angles versus LE for different v/VT when LH = 0.
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possibility of crack kinking than negative electric loading, and the
corresponding kinking angles increase as the crack speed increases.
The smallest value of that the propagating crack may kink de-
creases as the crack speed increases when crack moves fast enough
(v=VT P 0:7). From Fig. 10b we can see that negative values of the
magnetic loading may lead to crack kinking when v=VT 6 0:7 and
LE = 0, and positive magnetic loading may not cause crack kinking.
The smallest value (absolute value) for that may lead to crack kink-
ing decreases as the crack speed increases as v=VT 6 0:7. The crack
kinking angles increase as the magnetic loading increases when
the crack speed is high enough, as shown in Fig. 10b.
The energy release rate of an impermeable crack in a magento-
electroelastic material is negative regardless of positive or negative
electric and magnetic loadings in the absence of the mechanical
loading (Zhong and Li, 2007), and this conclusion indicates that
the prediction of crack kinking phenomenon may be different from
that by using the stress intensity factor criterion. It is noted that
there are no any experimental observations or results found for dy-
namic crack propagation in magnetoelectroelastic materials.
Experimental work is indeed important to verify the theoretical re-
sults, and only experiments may tell which criterion is suitable for
prediction of crack kinking (Azhdari and Nemat-Nasser, 1996a).
The authors believe that it is straightforward to extend the
method used in this paper to study the dynamic mode II crack
problem in magnetoelectroelastic materials, and this will be an
interesting topic for future work.6. Concluding remarks
A constant moving crack in an inﬁnite, magnetoelectroelastic
material under in-plane mechanical, electric and magnetic loading
is studied for impermeable crack surface boundary conditions.
Fourier transforms are applied to reduce the mixed boundary value
problem of the crack to dual integral equations, which are solved
exactly. Asymptotic ﬁelds near the crack tip are obtained in an ex-
plicit form and the corresponding ﬁeld intensity factors are de-
ﬁned. The crack kinking phenomenon is investigated by applying
the maximum hoop stress intensity factor criterion. Numerical re-
sult indicates that the crack speed and the electric and magnetic
loading have inﬂuence on the singular ﬁeld distributions around
the crack tip. The magnitude of the maximum HSIF tends to in-crease as the crack speed increases when it is larger than a certain
value. The crack kinking angles for the impermeable crack bound-
ary conditions are numerically determined for the moving crack
under electric and magnetic loading.
Appendix A
The constants in Eq. (15) are deﬁned as
P1 ¼ ðP0 þ e33E0 þ h33H0Þ=C33
P2 ¼ E0
P3 ¼ H0
ðA:1Þ
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bj
dj
8><
>:
9>=
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C11v  C44c2j e31 þ e15 h31 þ h15
ðC13 þ C44Þc2j e33c2j  e15 h33c2j  h15
ðe31 þ e15Þc2j k11  k33c2j d11  d33c2j
2
664
3
775
1

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e33c2j  e15
8><
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9>=
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where
C11v ¼ C11  qv2; C44v ¼ C44  qv2 ðA:3Þ
The constants r0;D0;B0 are deﬁned as
r0
D0
B0
8><
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9>=
>; ¼
C13 e31 h31
e33 k33 d33
h33 d33 l33
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